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Abstract
This paper presents the isothermal model of the Vuilleumier machine. A numerical example with
p-V diagrams for the machine chambers is also provided.
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1.Introduction

A Vuilleumier machine [1], [2], [3] is a refrigerator (or a heat pump) inside which a constant
amount of gas evolves in an almost constant total volume. The gas lies inside several heat
exchangers and four variable volume chambers placed (most often) inside two cylinders, each
cylinder being fit with its own displacer piston. There are three levels of temperature inside the
machine. The refrigerating effect is acquired by expanding the gas inside a low pressure chamber.
Pressure variation inside the machine is acquired by heating the agent inside a high temperature
chamber and by cooling the agent inside two intermediate temperature chambers.

2.Vuilleumier Machine Construction and Functioning
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Fig. 1. Vuilleumier
machine
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According to the schematic diagram in fig. 1 [1], [2], [3]. a Vuilleumier machine is comprised of a
cold cylinder 1 and a hot cylinder 15 inside which the cold displacer 3 and the hot displacer 13
work. The cold cylinder and displacer share a diameter inferior to the one shared by the hot cylinder
and displacer. A drive comprised of crankshaft 17 and rods 16 and 18 provide movement for the
displacers. The cold displacer splits the space inside its cylinder in two: a low temperature chamber
4 and an intermediate temperature chamber 2. Inside the hot cylinder the hot displacer delimitates a
high temperature chamber 12 and an intermediate temperature chamber 14. Each cylinder is fit with
its own heat exchanger set. The cold cylinder has a low temperature heater 5. a low temperature
regenerator 6 and an intermediate temperature cooler 7. The hot cylinder is fit with an intermediate
temperature cooler 9, a hot temperature regenerator 10 and a high temperature heater 11. The
intermediate temperature cooling chambers are connected through pipe 8.

3. Isothermal Physico-mathematical Model for the Vuilleumier Machine

The physico-mathematical model is based on the following hypotheses:

e the working agent is the ideal gas;

e the gas amount evolving inside the machine is constant;

e at thermodynamic level all cycle functional processes are time independent;

e the metallic parts of the machine (other than heat exchangers and cylinder walls) do not
exchange heat either among them or with the exterior;

e the processes inside heat regenerators are ideal ones (regeneration efficiencies are 100%); the
agent temperature inside the regenerator is deemed constant, being taken as either logarithmic or
arithmetic mean:

e the agent temperature inside the low temperature chamber is equal to the one inside the
low temperature heater, the one of the outer heating agent, the one of the cylinder walls and the one
of the cold displacer frontal surface:

e the agent temperature inside the high temperature chamber is equal to the one inside the
high temperature heater, the one of the outer heating agent, the one of the cylinder walls and the one
of the hot displacer frontal surface;

e the agent temperature inside the intermediate temperature chambers is equal to the one
inside the coolers, the one of the outer cooling agent, the one of the cylinder walls next to those
respective chambers and the one of the stems and of the displacer bottoms;

e the instantaneous pressure is identical in all the spaces occupied by the agent. its value

varying along the cycle;
e the volume variation law for the chambers inside the machine cylinders is known.
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Fig. 2. Isothermal model of the Vuilleumier machine
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The hypotheses implying the temperatures inside the Vuilleumier machine show that inside all
chambers isothermal processes take place only, thus confirming the described physico-
mathematical model the denomination of isothermal model. To outline the isothermal character of
the physico-mathematical model analyzed here, on fig. 2 the machine chambers are separate and
placed in row. This presentation required the halving of each displacer. Each variable volume
chamber is assigned half a displacer. The mechanical linkage between the displacer halves was
symbolically drawn through bars exterior to the cylinder.

We used the following subscripts for dimensions inside machine chambers (volume V,
temperature T, mass m): h = heater; reg = regenerator; ¢ = cooler; 1 = cold displacer; 2 - hot
displacer; ht = high temperature; It = low temperature; it = intermediate temperature.

The pressure variation law p(«) was determined from the equation of conservation for the
total gas mass inside the machine:

m=2mi, (1)

where the masses m; are calculated from the equation of state for each chamber:

o) V;
m, = DO Vi(@) @)
R,
The pressure acquires the expression:
mR
Z Vi(a)
Ti

i

p(a) = (3)

where

2 Vi(®) _ Vi (®)+ Vi Vreal + Ve + Vi (@ + Vip (@) + Vep | Vreg2 + Vi + Vi ()
T T Tregl Te Trcg2 Thy
4)

Temperature values Ty, T, Ty, are imposed and the chamber volumes are imposed by the
geometry chosen for the machine. Regenerator mean temperatures are calculated with relations:

T, - T Ty =T,
Tregl =—¢ It and ng2 —nt ¢
In(T,. /Ty) In(Ty /' T)

i

(5)

and the mathematical expressions of the chamber volume variation laws inside the cylinders (laws
depending on the drive type and the coordinate system chosen) are calculated, for the Vuilleumier
machine in fig. 1, with respect to the schematic diagram in fig. 3:

2
Vht (0.‘.) = %[fTDIQ + ]2 +r1—r1 cos(a) —12 COS(ﬁz(G.))] (6)
T D% ~d5 :
Viga (o) = T [feppa — (15 —1) +1 cos(ar) +15 cos(B,(ax))] (7)
. D]2 .
Vi (a) = [fTDpl +1j +r—rcos(a-Yy) -1 cos(Bz((x—y))] (8)
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n (D|2 —d12 l
Vi (o) = 7 [feppr — (1) = 1)+ 1 cos(o—7) +1; cos(B,(a—7))]. 9)

The following dimensions were used: D = displacer diameter; d = displacer stem diameter;
frop = distance between the displacer at the top dead point and the cylinder head; fgpp = distance
between the displacer at the bottom dead point and the cylinder head; 1 = rod length; r = crank
length; B = rod position angle; y = angle between cylinder axes.

For the variation laws of the chamber volumes inside the cold cylinder it was taken into
account that the drive behaves similarly to the warm displacer yet delayed with angle vy.
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Fig. 3. Schematic diagram for determining the variation laws of the chamber volumes inside
Vuilleumier machine chambers cylinders

Accordingly to the first law of thermodynamics applied to the agent undergoing a cycle
inside an isothermal chamber, the heat exchanged is equal to the work exchanged and is calculated
with the relations:

2n im

dv dv.
Qy = J.P(Ot)[ ;;a)]d&: Qy = Ip((ﬂ[%}du: (10)
0 0
2x 27
dVi» dv
Qit2 = J.P(Ot)[—-‘;;ﬂ}da; Qe = J‘p(a)[%}da. (11)
0 0

As a consequence of the displacer stem's presence, the machine exchanges with the
environment an amount of work per cycle having the expression

L=Qy +Qj +Qjt2 + Q. (12)

The useful effect of the Vuilleumier refrigerating machine is represented by heat Qy extracted from
the low temperature heat source and the useful effect of the heat pump is heat (Qy +Qy,) transmitted
to the user at an intermediate temperature of T..

The Vuilleumier refrigerating machine is characterized by the coefficient of performance
(heat rejected/heat consumed)
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g = m (13)
Qhnt
and the heat pump by the coefficient of performance
- + &
Enp = IQM Qrt2|- (14)
Qe
The pressure increase ratio inside the machine is
T= Pmax ) (15)

Pmin

4.Numerical example

Vuilleumier machine featuring the following dimensions is assumed: D= 0,073 m; d;=d, = 0,01 m;
Dz - 0,063 m; ¥ = T = 0,0365 m; 1|= 12 = 0,]5 m; fTDP! e’ fBDp] L fTDPZ -
feprz = 0,001 m; Vip = Vo = Vo = Vo = 0,05 Vsai; Vit = Vi = 1,2 Vg, where
Vsa2 = 0,3055 10° m® (volume swept by the high temperature displacer).

The machine works with a total mass of hydrogen m = 0,004 kg (R = 4121 J/(kg K) between
temperatures Ty =Tn =773 K; T =T =Tiu = Tiz =313 K and Ty = T2 = 273 K.

The numerical solving of the described Vuilleumier machine isothermal model equations lead to the
results displayed in fig. 4 and fig. 5, as well as inside table 1.

Table 1
th I Qll | Qitl I Qil2 I L Er Ehp _pmax/pnun
[J/eyele] - - -
svr ClTres Tzt 370 1. 3% 3,356 4,253 1,172
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Fig. 4. Pressure variation inside Vuilleumier machine

5.Conclusions

The physico-mathematical model proposed for the numerical simulation of the Vuilleumier
machine functioning allows for providing information on the possible maximum performance the
machine is capable of. Inside a real machine the heat exchanges do not take place isothermal, the
heat regeneration is not ideal and the agent flow through the heat exchangers occurs with friction,
all these facts lowering the performance beneath the isothermal one.

The isothermal model allows for a rapid analysis of the influence some constructive and
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functional factors have as well a s for comparing different machines.
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Fig. 5. Pressure-volume diagrams for Vuilleumier machine chambers

The energetic balance per cycle for the Vuilleumier machine, written in expression (14), shows that,
because of the piston stems, the machine also produces a small amount of work which, inside the
real machine, is insufficient to compensate for the friction losses.

The model stresses the heat amounts exchanged inside the variable volume chambers of the
machine. Accordingly to the isothermal model. the heat exchangers stand for dead spaces attached
to the neighboring variable volume chambers.
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MODEL IZOTERMIC AL MASINII VUILLLEUMIER
(Rezumat)

Este prezentat un model fizico-matematic izotermic al maginii Vuilleumier. Sunt date
relatiile de calcul a variatiei presiunii si a performantelor teoretice izotermice ale masinii. Un
exemplu de calcul ilustreaza aplicarea modelului.




